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Abstract

Unification-base@pproachefave cometo play animportant
rolein boththeoreticalndappliedmodelingof cognitve pro-

cessesmost notably natural language. Attemptsto model
such processesusing neural networks have met with some
successhut have facedserioushurdlescausedoy the limita-

tions of standardconnectionistoding schemes As a contri-
bution to this effort, this paperpresentgecentwork in Infi-

nite RAAM (IRAAM), anew connectionistinificationmodel.
Basedon a fusion of recurrentneural networks with fractal
geometry IRAAM allows us to understandhe behaior of

thesenetworks as dynamicalsystems. Using a logical pro-

gramminglanguageas our modelingdomain,we shav how

this dynamical-systemapproactsolvesmary of theproblems
facedby earlier connectionistmodels,supportingunification
over arbitrarily large setsof recursve expressions.We con-
cludethatlRAAM canprovide aprincipledconnectionissub-
stratefor unificationin a variety of cognitve modelingdo-
mains.

Languageand Connectionism: Three
Approaches

Languageto a cognitive scientistcanbeheldto includenat-
urallanguageandthe “languageof thought’(Fodor1975),as
well assymbolicprogramminganguageslevelopedto sim-
ulatetheselike LISP andProlog. Attemptsto build connec-
tionist modelsof suchsystemshave generallyfollowed one
of threeapproaches.

Thefirst of these gxemplifiedby (RumelhartandMcClel-
land1986),dispenseentirelywith traditionalrepresentations
(datastructurespndrules(algorithmsonthosestructures)in
favor of lettingthenetwork “learn” the patternsn thedatabe-
ing modeledyia thewell-known back-propagatioalgorithm
(Rumelhart,Hinton, and Williams 1986) or a similar train-
ing method. This approachbecamethe subjectharshcrit-
icism from membersof the traditional “symbols-and-rules”
schoolof cognitive science basedon the disparity between
thestrengthof theclaimsmadeandtheactualresultsreported
(Pinker andPrince1988),aswell asthe apparentnability of
suchsystemso handlethe systematiccompositionabspects
of linguistic meaning(FodorandPylyshyn1988).

The secondsort of connectionistapproachgoesbeyond
the rules-and-representationgew and directly to the heart
of what computingactually means,by shaving how a re-
currentneuralnetwork can performall the operationsof a
Turing machine,or more (Siegelmann1995). Thoughsuch
proofs may hold a good deal of theoreticalinterest, they
do not addressthe degree to which a particular computa-

tional paradigm(connectionism)s suitedto a particularreal-
world task (language). They arethereforenot of muchuse
in arguing for or againstthe merits of connectionismas a
model of any particulardomainof interest(Melnik 2000),
ary morethanknowing aboutTuring equivalencewill help
you in choosingbetweena Macintoshand a Pentium-based
PC.

The third approach,which someof its proponentshave
describedas “Representationsvithout Rules” (Horgan and
Tienson1989),is the onethatwe wish to take here. This ap-
proachacknavledgesthe needfor systematiccompositional
structure put rejectstraditional,exceptionlesdinguistic rules
in favor of theflexible computatioraffordedby connectionist
representationsProponent®f sucha view areof coursere-
sponsiblefor shaving how theserepresentationsansupport
the kinds of processesraditionally viewed asrules. In the
remainderof this paperwe shav how the behaior of neu-
ral network calledan Infinite RAAM correspondslirectly to
one suchprocess unification, therebysupportinga system-
atic, compositionamodelof linguistic structure.

Unification

Unification, an algorithm popularizedby Robinson(1965)
asa basisfor automatedheorem-proing, hascometo play
a centralrole in both computerscienceand cognitive sci-
ence.In computerscienceuynificationis atthecoreof logical
programminglanguagedike Prolog (Clocksin and Mellish
1994); in cognitive science,it is the foundationof a num-
ber of catayory-basedapproacheso the analysisof natural
languag€Shieber1986). The basicunificationalgorithmcan
be foundin mary introductoryAl textbooks(e.g.,Rich and
Knight 1991p. 152),andcanbe summarizedecursvely as
follows: (1) A variablecanbe unified with a literal. (2) Two
literalscanbeunifiedif theirinitial predicatesymbolsarethe
sameandtheiragumentscanbe unified.

If, for example, we have a Prolog databasecontaining
the assertionmal e( al bert) ,! meaning“Albert is male”,
and we perform the query mal e( Who) , asking “Who is
male?” the unification algorithmwill first attemptto unify
mal e(al bert) with mal e( Who), and will succeedin
matchingon the predicatesymbolnal e, by rule (2). Theal-
gorithmwill thenrecur, attemptingto unify thevariableWho
with theatomicliteral al ber t , andwill succeedy rule (1)
andterminate with theresultthat\Who will beboundto al -
bert, answeringhequery

!Prolog examplesare taken from the tutorial introduction in
(ClocksinandMellish 1994).



Of course, real programming-languag and natural-
languageapplicationsrequire unification algorithms more
complicatedthanthe oneillustratedin this simple example,
but the examplesufiicesfor our goalshere.

RAAM

Beforedescribinghow the Infinite RAAM modelis suitedto
performing unification, somehistorical backgroundon this
modelis necessary

Recursve Auto-Associatve Memory or RAAM (Pollack
1990)is a methodfor storingtree structuresin fixed-width
vectorsbhy repeateccompressionlts architectureconsistsof
two separatenetworks: an encodemetwork, which cancon-
structa fixed-dimensionatodeby compressiely combining
the nodesof a symbolictreefrom the bottomup, anda de-
codernetwork which decompressethis codeinto its two or
morecomponentsThe decodeiis appliedrecursvely until it
terminatesn symbolsreconstructinghetree. Thesewo net-
works aresimultaneouslftrainedasan autoassociatofAck-
ley, Hinton, and Sejnavski 1985) with time-varying inputs.
If thetrainingis successfultheresultof bottomup encoding
will coincidewith top-dovn decoding.Figurel shovsanex-
ampleof a RAAM for storingbinary treesusingtwo bits of
representatiofor eachinput andoutput?

a b

Hidden

Input

a b Bias

Figure 1: RAAM encodingand decodingthe tree (a b),
usingtwo bits persymbol: a = 01, b = 10. Solid lines
depictencodemveights,dashedines decodemeights. Note
thereal-valuedrepresentationf thetree(a b) onthe hid-
den layer, which would be fed back into the encoderto
build a representationf thetrees(a(a b)), (b(a b)),
((a b)a),etc.

Following the publication of (Pollack 1990), RAAM
gainedwidespreadhopularityasa modelof linguistic struc-
ture. Someresearcher@lank, MeedenandMarshall1991)
found it an attractve way of “closing the gap” betweenthe
symbolic and sub-symbolicparadigmsn cognitive science.
Others(Van Gelder1990) saw in RAAM a direct and sim-
ple refutationof the traditionalcognitive scientists’backlash

2Restrictingthe network to only two bits per symbol allows
straightforvardvisualizationof its hidden-layedynamicsasanX/Y
plot. RAAMs for real-world taskswould usemary morebits per
symbol.

againstconnectionismpr wentasfar asto shav how tradi-
tional syntacticoperationdik e transformationgould be per
formeddirectly on RAAM representation&halmersl990).

RAAM asan Iterated Function System

Considerthe RAAM decodershowvn in Figure2. It consists
of four neuronghateachreceivethesame(X,Y) input. The
outputportionof thenetwork is dividedinto aright andaleft
pair of neurons. In the operationof the decoderthe output
from eachpair of neuronss recursvely reappliedto the net-
work. Usingthe RAAM interpretationeachsuchrecursion
implies a branchingof a nodeof the binary treerepresented
by thedecodemandinitial startingpoint. However, this same
network recurrenceanalsobeevaluatedn thecontext of dy-
namicalsystems.This network is a form of iteratedfunction
system(IFS) consistingof two transforms which are itera-
tively appliedto pointsin atwo-dimensionaspace.

Figure 2: Detail of the decoderfrom the RAAM of Figure
1. Bar attop of figureis a “gate” thatfeedsthe left or right
outputof thedecodembackontothe hiddenlayer.

In atypical IFS (Barnsle 1993),the transformsarelinear
equationf theform T;(z) = A;z + b;, wherez andb are
vectorsand A4 is a matrix. The Iteratedpartof theterm IFS
comesfrom thefactthat, startingwith someinitial z, eachof
thetransformsis appliediteratively to its own output,or the
outputof oneof the othertransforms. The choiceof which
transformto applyis madeeitherdeterministicallyor by non-
deterministigprobabilitiesassociatedavith eachtransform.If
the transformsT; are contractive meaningthatthey always
decreas¢hedistancebetweerary two input vectorsez andy,
thenthe limit of this processasthe numberof iterationsN
approachesfinity yieldsanattractor (stablefixed-pointset)
for thelFS.MostIFSresearcthasfocussednsystemsvhose
attractoris afractal, meaninghatit exhibits self-similarity at
all scales?

The transformsof the RAAM decoderhave the form
Ti(z) = f(A;z+b;), wheref isthefamiliarlogistic-sigmoid
“squashing”function f(z) = 1/(1 + e~*). Typical of con-
nectionistmodels,the matrix A rangesover the entire setof

A famousexampleof afractalattractoris thebeautifulMandel-
brotset,in whichtiny copiesof theentiresetseenmto appeasmsif by
magicwhenyou zoomin on certainregions.



real numberssoit is not necessarilycontractve. Neverthe-
less,the squashindunction providesa “pseudo-contractie”
propertythatyields an attractorfor the decoder In the con-
text of RAAMSs, however, the main interestingproperty of
(pseudo-)contracte IFSeslies in the trajectoriesof points
in the space. For suchIFSesthe spaceis divided into two
setsof points. The first setconsistsof pointslocatedon the
underlyingfractal attractorof the IFS. The secondsetis the
complemenbf the first, pointsthat are not on the attractor
Thetrajectoriesof pointsin this secondsetarecharacterized
by a gravitation towardsthe attractor asfollows: Eachitera-
tion producesa setof left andright copiesof the pointsfrom
the previousiteration. Finite, multiple iterationsof the trans-
forms have the effect of bringingthe setof copiesarbitrarily
closeto theattractor

Taking the terminaltestof the decodemetwork to be “on
the attractor” solves a number of technical problemsthat
limited the scalability of the RAAM model, and allows the
modelto represenéxtremelylargesetsof treesin smallfixed-
dimensionaheuralcodes. The attractor beinga fractal, can
be generatedt arbitrary pixel resolution. In this interpreta-
tion, eachpossibleree,insteadof beingdescribedy asingle
point,is now anequivalencelassof initial pointssharingthe
sametree-shapetrajectoriedo the fractal attractor

Using the attractorasa terminaltestalsoallows a natural
formulationof assignindabelsto terminals.Barnsley (1993)
notedthat eachpoint on the attractoris associatedvith an
addressvhichis simply the sequencef indicesof thetrans-
forms usedto arrive on that point from other points on the
attractor The addresds essentiallyan infinite sequencef
digits. Thereforeto achieve a labelingfor a specificalpha-
betwe needonly considera sufficient numberof significant
digits from this address.

Theseideasare encapsulateéh Figure 3, which shavs a
“Galaxy” attractorobtainedby iterative Blind Watchmaler
selection (Dawkins 1986) to a visually appealingshape®
along with sample derivations of the trees (a b) and

(a (a b)).

Infinite RAAM

Using the “on-the-attractor’terminal test, we were able to
use hill-climbing to train a RAAM decoderto generateall
andonly the stringsin the seta™b™ U a"b" !, n < 5. Asthe
simplestexampleof a non-regular, context-free formal lan-
guage,a™b™ hasbeenusedas a tamget setby a numberof
recurrent-netwrk researchprojects(Rodriguez,Wiles, and
Elman 1999; Williams and Zipser 1989), so it senesasa
benchmarkor theformal power of amodelsuchasRAAM.
Analysis of the decoderweightsof our ™5™ RAAM re-
vealeda patternthatwe wereableto generalizento aformal
constructie proof for deriving a setof weightsto generate
thislanguagdor arbitrarily largevaluesof n, asafunctionof
thepixel resolutione (Melnik, Levy, andPollack2000).
With this proof in hand,we felt justifiedin usingtheterm
Infinite RAAM (IRAAM) to refer to our decodemetworks.
Against a traditional approachin which grammarsare the
only suflicient competencenodelsand neuralnetworks are

4A gallery of several such attractorimagescan be viewed at
http://demo.cs.brandeis.edu/pr/minde/bwifs.html

(a(ahb)

Figure 3: The Galaxy attractor shaving derivation of the
tree(a (a b)) andits daughtertree (a b). Attractor
pointswith address a, reachabldrom the attractoron the
left transform,arecoloreddark gray; pointswith addres®,
reachablen theright transformarelight gray. Theleft tran-
sientsto the attractorareshavn asdashedines,andtheright
transientsassolidlines.

merelyimplementationgFodor and Pylyshyn1988) or per
formancemodels,the formally proven existenceof a set of
“pure” a™b™ weightsprovidedevidencethata neuralnetwork
can sene as both a competencanodel and a performance
model,undera dynamical-systematerpretationof the net-
work’s behaior.

Unification-basedIRAAM

Neverthelessa fundamentalproblem exists in the general
casewheninvestigatingthe capacityof a given IRAAM de-
codervia discretesamplingof the spaceof tree equivalence
classes.Transientgo the attractorcan potentially meander
aroundthe entire unit spacebeforecomingto reston the at-
tractor, sothe potentialdepthof thetreesencodedusingeven
a low-resolutionsamplingis quite large. Becausehe num-
ber of possibletreesgrows factorially with the depthof the
trees,the discretesamplingmethodis thereforedoomedto
find only an infinitesimal portion of the treesthat a given
IRAAM could be encoding. Solving this problemrequires
knowing preciselyhow mary treesto searchfor, andwhere
to find them.

To limit the numberof trees,it is suficient to limit the
numberof IFS iterations. Like sampling,limiting the itera-
tions producesonly an approximationto the actual, infinite
attractor For zeroiterations,the entire spaceis the attrac-
tor approximate,and the only tree encodedis a terminal,
which we may refer to genericallyas X. For one iteration,
eachpoint not on the attractorgoesto the attractoron one
iteration, and the only tree encodedis ( X X) . For two it-
erations,the treesencodedare( X (X X)), ((X X) X),
and( (X X) (X X)), andsoonfor moreiterations. This
solvesthefirst partof the problem.

Solvingthe secondpartof the problem- locatingthetrees
in space- requiresswitchingfrom a “top-down” approactto



a “bottom up” approach. We no longer startat a point off
the attractorand decodethe tree as this point’s pathto the
attractor Instead,we startat a point (or setof points)on
the attractor and ask what other point(s) that point can be
unified with, usingthe encoder: hencethe term unification-
basedRAAM.®

To performthis unification,we first computethe attractor
thentake its image underthe left andright inversesof the
transforms. Unifications(trees)are locatedpreciselywithin
the intersection®f theseinverses.Underthis interpretation,
askingwhethertwo constituentganbe unified meansasking
whethertheirinverseshave a non-emptyintersection.

For example,to determinghelocationsof thebinarytrees
of depthtwo or less,we iteratethe IFS twice, producingfour
attractorpieceseachof which is animageof the unit square
underthe compositionof two transforms(left/left, left/right,
right/left, andright/right). The union of theseis the attractor
approximateds, which encodeghe abstracterminaltreeX.
This processs shavn in Figure4.

Figure4: The Galaxyattractorapproximatedttwo IFSiter-

ations: individual overlappingimages(i) and union of these
images(ii). The unionrepresentshe outerboundaryof the
sampledattractorshavn in Figure3.

Takingtheleft andright inversetransformsof theattractor
in Figure 4 givesus the regions shovn in Figure 5. Inter
sectingtheseregions gives us the region encodingthe trees
Xand( X X).Asdepictedn Figure6, “subtractingout” the
attractor(tree X) givesus the region encodingonly the tree
(X X).

At this pointwe have everythingwe needto encodehere-
mainingtreesof depthtwo. To encodehetree( X (X X)),
we take the left inverseof the attractorandintersectthis in-
versewith the right inverseof the region encodingthe tree
(X X) . Thisright inverseis the entire unit square®, sothis
intersectionis effectively a no-op,giving usthe sameleft in-
versethatwe startedwith. Subtractingout thetrees( X X)
and X, which are containedin this inverse,givesus the re-
gion encodingonly thetree (X (X X)). Swapping “left”
for “right”, the sameoperationscan be doneto obtain the

tree( (X X) X); neitherof theseis shavn, to save space.

*Wefind acompellingparallelin the historicalswitchfrom “top-
down” Chomslyanrules(Chomsly 1957)to the “bottom-up” com-
binatorialcategoriesof unification-basedrammargShieberl986)

®because we have performed the  operation
R™Y(R™Y(R(R(9))))

Finally, thetree( (X X) (X X)) isencodedy theregion
notencodingary of the othertrees.
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Figure 5: Left and right inversesof the attractorof Fig-
ure 4. Theseinversesencodethe trees( X (X X)) and
((X X) X);seetext.

0 01 02 03 04 05 06 07 08 09 1

Figure6: Intersectiorof inverseregionsfrom Figure5, which
encodeghetree( X X) . Blackregionis theattractor which
is “subtractecout” from theintersection.

Labeling the Terminals

The discussiorof the hill-climbing a™b™ decoderdescribed
a schemdor labelingthe pointsof the attractorterminal set
by meansof their fractal addresses.The methodinvolved
approximatinghe attractorat somepixel resolution thenla-
beling eachattractorpoint by the transform(s)on which that
point was reachablefrom ary pointson the attractor This
schemecannotbe implementedn a modelin which the at-
tractoris approximatedy iteration,becausehe only points
reachabldérom the currentattractorapproximated y lie on
the approximatesdy .,k > 1. Sincethesepointsthem-
selvesarenot on the partof Ay reachabldrom outsideAy
, this schemecannotbe usedto label the terminalsof trees,
which by definitionaretransientgheto attractorfrom points
outsideit.

For the currentstageof the project,we areworking around
this problemby simply hand-labelingegionsin the attractor
asillustratedin the simpledatabasexamplebelow.



Bringing it All Together
By this point we hopeto have persuadedhe readerthat
IRAAM provides a plausible connectionistsubstratefor
unification-basednodels.To make this point moreconcrete,
we canconsiderhow onewould implementa simplelogical
databaséanguagelik efirst-orderpredicatecalculus(FOPC),
or Prolog,usinganIRAAM.

Labeled attractor regions correspondto atoms al -
bert, victoria, femal e. Factsaboutatoms,likef e-
mal e(vi ctoria)) andparents(edward, victo-
ria, albert),arebuilt recursvely asintersection®f the
inversesof the labeledattractorregions,andintersectionof
the inversesof thoseintersections Whetheror not two con-
stituents(atom, propositions)canbe unified dependson the
sizeandshapeof their encodingregions,andon the connec-
tion weightsof theIRAAM network.

Rules relating facts to each other and generaliz-
ing them using variables, correspondto intersectionsor
unions of the recursvely constructedfacts. For exam-
ple, therulewoman(X) :- human(X), fenmal e(X),
adul t ( X) wouldbeimplementedy takingtheintersection
of the inversef the attractorregionsfor the atomshunan,
f emal e, andadul t ; thisintersectiorwould be the “defini-
tion” of thetermwomman in themodel.

We canillustratethis procesausingour toy databasepre-
sentecbelow in its entirety:

mal e( al bert).

mal e( edwar d) .

fermal e(alice).

fermal e(victoria).

parents(edward, victoria, albert).
parents(alice, victoria, albert).

Encoding these propositionsin a format that a binary-
branchingRAAM couldrepresentequiressomeslight mod-
ifications: all propositionsare first put in prefix form;
e.g., mal e(al bert) is re-codedas (nal e al bert).
The three-placepredicatepar ent s is thenre-coded(“cur-
ried”) into a one-placepredicatepar ent, with (( par -
ent C) P) meaningthatthe parentof Cis P; this alsore-
quiresthateachparentbe specifiecby a separateule, result-
ing in four par ent rulesinsteadof two.

Figure 7 illustratesthe derivation of a few propositional
treesfrom this set, using anotherattractorfrom our image
gallery. Thefigure shawvs a portion of the unit squarewhich
containsthe attractor(tree X), aswell asthe regionsencod-
ing thetrees( X X) and((X X) X). Sampleencodings
for thetrees( mal e edwar d) and( ( parent edwar d)
vi ctori a) arealsoshavn. The figure was generatedas
follows: First, we computedhedepth-two attractorandtree-
regionsusingthe methodshawn in Figures4 - 6. Thenwe
hand-traceda closedcurwve in the region encodingthe tree
((X X) X).Usingaprogramwhich plotstheleft andright
copiesof the point at the currentcursorposition, this trace
produceda left copy of this closedcurvein theregionencod-
ing ( X X) , andaright copy in theattractomregion, encoding
aterminal. We labeledthis terminalattractorpiecevi ct o-
ri a. Handtracingovertheclosedcurvefor ( X X) resulted
in a left andright copy of that curve on the attractor; we
labeledtheseterminalspar ent andedwar d respectiely.

Theselabelingsyieldeda setof attractorregionsthatunified
tothetree( (parent edward) victoria).

To encodedthe tree (mal e edwar d) , we hand-traced
a close curve in the region encoding( X X), producinga
left andright copy on the attractor We labeledthe left copy
mal eandtheright copy edwar d’ . By takingthe encoding
of edwar d to bearegionincludingboththisedwar d’ and
the encodingof edwar d from the othertree,we obtaineda
setof labelsunifying to both propositions. Thoughthis is a
long way from areal solutionto thetree-labelingoroblem,it
is afirst steptoward adding“meaning”to the abstracistruc-
tural configurationsve have beenpresentingsofar.

Figure7: Encodinga few propositionsusingan IRAAM by
hand-labelingof attractorregions. Funnel-shapedegion at
left side of figure encodegreesof the form (( X X) X).
Thin diagonalbandencodedrees( X X) . Lowerright area
is theattractor Abbreviations:v = victoria,e = ed-
ward,p = parent,m = mal e. Region E representshe
setof factsaboutEdward: thatheis male,thatsomeonas his
parent.

Conclusionsand Futur e Work

This paper presentedrecent work on Infinite RAAM
(IRAAM), anew connectionistarchitecturethatfusesrecur
rentneuralnetworkswith fractalgeometryallowing usto un-
derstandhe behaior of thesenetworks asiteratedfunction
systemg(IFSes). We have shavn how limiting the number
of IFS iterationsallows usto uselRAAM asa connectionist
substratdor unification,analgorithmthathascometo play a
centralrolein avarietyof cognitive sciencalisciplines.Frac-
tal representationf languages arelatively new field, andwe
have yetto testthe modelon empiricaldata.We arehowever
encouragethy thesucces®f relatedwork in fractalencoding
of grammargTabor2000),andseeour work ascontributing
to this effort. We hopethatsuchwork will sene asafounda-
tionfor aprincipled“unification” of connectionisapproaches
with moretraditionalsymbolicmodels perhapssanalterna-
tive to hybrid methods.

We seeseveral possibleresearchdirectionsfor our model.
First, we needto apply unification-basedRAAM to some-
thing grandethanasimplesix-sentenceatabasék e theone



usedin the example. The obviousnext stepwould beto find
a non-trivial databasef dozensor hundredsof propositions
to testthemodel.

Such an effort would require a learning algorithm for
IRAAM, which, given a set of propositionsor other hier
archicalstructureswould usegradientdescentor a similar
methodto learna setof weightsencodingjust thosepropo-
sitions. Suchan algorithmwould have an error function as-
signinga penaltyfor both missingencodingsandfor encod-
ingsinconsistentvith theexamplesrom thetrainingset(e.g.,
thepropositiorf emal e(al bert) in ourexampledataset).
An intriguing possibility would be to co-evolve boththe net-
work weights and a separatdabeling program, using the
paradigmdescribedn (Hillis 1992)and (Juillé and Pollack
1996).

Finally, we suspecthatinherentlimitationsin usingasin-
gle setof network weightsmay hinder our attemptsto use
IRAAM asamodelof unificationin naturallanguagewhere
the combinatorialpossibilitiesare muchricher thanthoseof
artificial languagedike FOPCand Prolog. Researchn im-
agecompressiorf{Barnsle andJacquin1988)hasshavn the
usefulnesof combiningsereral differentlIFSesto encodea
single real-world image. We hopethat a similar approach
will allow IRAAM to scaleupto thelarger, morecomplicated
phrasesandsentencesf naturallanguage.
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